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a b s t r a c t
Wepresent the computation of the Euler number of shapes using the contact perimeter. The
contact perimeter was initially defined in [E. Bribiesca, Measuring 2D shape compactness
using the contact perimeter, Comput. Math. Appl. 33 (1997) 1–9]. In this reference the
contact perimeter was used to define ameasure of compactness for 2D shapes. Now, in this
paper we use the contact perimeter to compute the Euler number of unit-width objects
composed of different side-connected cells and face-connected polyhedrons in two and
three dimensions, respectively. Finally, we present some applications of this computation
in knot and graph theory.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
The study of shape properties is an important topic in pattern recognition and image processing [1]. The basic descriptive
properties of shapes are the perimeter and area. Other important simple shape properties are the eccentricity or elongation,
the Euler number or genus, and the compactness. This paper deals with the computation of the Euler number, which is
a topological property and is defined as (number of connected regions) − (number of holes) [2]. The computation of the
Euler number is based on the contact perimeter. The contact perimeter of a 2D (two-dimensional) shape composed of cells
corresponds to the sum of the lengths of segments which are common to two cells [3]. The Euler number is an important
feature in many applications: in biological imaging, in the recognition of industrial parts [4], in graph theory, in character
recognition, and so forth. Bogaert et al. [5] use the Euler number as a numerical measure of spatial integrity [6]. Thus, the
spatial integrity of a habitat or landscape is determined by the occurrence of habitat fragments and of perforations [7] inside
them. Many authors have proposed different methods for obtaining the Euler number of objects. Dyer [8] presents the
computation of the Euler number of an image from its quadtree. Bieri [9] defines the computation of the Euler characteristic
of digital objects from their bintree representation. Chiavetta and Di Gesu [10] present a method of parallel computation
of the Euler number via a connectivity graph. Chen and Yan [11] describe a fast algorithm for calculating the Euler number
for binary images. Bishnu et al. [12] define a pipeline architecture for computing the Euler number of a binary image. Ziou
and Allili [13] present two algorithms for Euler number computation of multidimensional shapes. The first takes as input
a cubical complex formed by the foreground pixels and produces the Euler number as output. The second only requires
storage of two consecutive bases of the cubical complex and then the Euler number is computed. Diaz-de-Leon and Sossa-
Azuela [14] present a method for obtaining the Euler number of a binary object via its skeleton; the number of terminal
points (points with just one neighbor) and the number of three-edge points (points with only three neighbors) in the graph
are used to compute this invariant. Thus, the main difference between this technique and the method proposed here is the
use of the contact-perimeter equation, which simplifies the computation of the Euler number of shapes. In the content of
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this work, all the objects are considered unit-width shapes. Also, we only consider side-connected cells and face-connected
polyhedrons for 2D and 3D (three-dimensional) shapes, respectively. The unit-width objects are obtained as a result of
previous processing. Generally speaking, this previous processing corresponds to the medial axis transformation or the
skeleton (stick figure) of a shape. Thus, the skeleton of a figure is obtained by means of a thinning algorithm. Thinning is
a very useful technique which has many applications in a wide variety of problems. It creates a compact representation
(skeleton) for 2D and 3D shapes. A thinning algorithm should preserve the geometry of the original shape. Many
authors have proposed different techniques for thinning algorithms; for example some initial algorithms can be found in
[15–18]. Recently,many different approaches of thinning algorithms for the 3D domain have been proposed. For instance, an
interesting fully parallel thinning algorithm has been presented in [19] and a note on this algorithm in [20]. Lopez et al. [21]
define a shape dissimilarity measure based on 3D chain codes for unit-width objects.
In this paper, we use the contact perimeter to define the Euler number of unit-width objects composed of different
side-connected cells and face-connected polyhedrons in two and three dimensions, respectively. This paper is organized as
follows. In Section 2 we present some concepts and definitions. Section 3 describes some concepts of perimeters. Section 4
presents the computation of the Euler number of unit-width 2D shapes. Section 5 introduces some concepts of surfaces.
Section 6 describes the computation of the Euler number of unit-width 3D shapes. Section 7 shows some results. Finally, in
Section 8 we give some conclusions.
2. Concepts and definitions
In order to introduce our proposed method of computation of the Euler number for unit-width shapes, a number of
concepts and definitions are presented below:
• An important consideration is the assumption that an entity has been isolated from the real world. It is then called a
unit-width object, and is defined as a result of previous processing. This previous processing corresponds to the medial
axis transformation or the skeleton (stick figure) of the object.
• Shape refers to the shape of the object, and an object is considered to be a geometric entity composed of cells or
polyhedrons, for 2D or 3D, respectively.
• The term hole refers to a cavity in an object.
• Area is a numerical value expressing the 2D extent in a plane, but sometimes it is used to mean the interior region
itself [22].
• The length of the sides of the pixels is considered equal to 1 in all cases.
• There are two ways of connecting pixels: 4-connectivity and 8-connectivity. In the content of this paper, we only consider
pixels with 4-connectivity.
• For a voxel [23], short for volume element, the first component is a (row, column, slide) location of a volume rectangular
parallelepiped and the second component is the vector of properties in the volume.
• The area of the faces of the voxels is considered equal to 1 in all cases.
• The length of each of the edges of the voxels is considered equal to 1 in all cases.
• There are three ways of connecting voxels: by edges, vertices, and faces. In the content of this paper, we only consider
face-connected voxels, i.e. voxels with 6-connectivity.
• Volumetric representations are used for rigid solids bymeans of spatial occupancy arrays. Thus, the solids are represented
as 3D arrays of voxels which are marked as filled with matter.
• A polyhedron is a closed surface composed of a finite number of faces; the intersections of the faces are the edges; and the
points where three or more edges intersect are the vertices. A polyhedron divides space into two connected portions: its
interior and its exterior.
In order to have a self-contained paper, we present Theorems 1 and 6 which are based on Refs [3,24]. Theorems 2–9 are
the contribution of this paper.
3. Perimeters
We present the contact perimeter for each shape composed of side-connected cells. Also, we show the relation between
the contact perimeter and the perimeter of the shape. This concept of contact perimeter can be used in different forms
of cells: triangular, rectangular, and hexagonal cells. These different forms of cells divide the plane, generating different
tessellations.
3.1. The perimeter of the shape
The perimeter P of a shape composed of side-connected cells (for instance, pixels) corresponds to the sum of the lengths
of the sides of the pixels which form the closed shape. This perimeter corresponds to the classical concept of a perimeter.
Fig. 1(a) illustrates an example of a 2D shape composed of 18 side-connected pixels. Fig. (b) and (d) illustrate the classical
perimeter of the shape shown in (a), i.e. P = 38. This perimeter is marked with a bold line.
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Fig. 1. Perimeters of a shape composed of side-connected pixels: (a) an example of a 2D shapes composed of 18 side-connected pixels; (b) the perimeter of
the shape shown in (a); (c) the contact perimeter of the shape presented in (a); (d) the perimeter of the above-mentioned shape; (e) the contact perimeter
of the above-mentioned shape.
3.2. The contact perimeter
The contact perimeter Pc of a shape composed of side-connected cells corresponds to the sum of the lengths of segments
which are common to two cells. Fig. 1(c) and (e) show the contact perimeter of the example of the 2D shape presented in
(a), i.e. Pc = 17. In this case, the contact perimeter is composed of 17 straight-line segments and is marked with bold lines.
3.3. The relation between the contact perimeter and the perimeter of the shape
Theorem 1. For any shape Sn composed of n side-connected cells, the following equation is satisfied:
2Pc + P = Tnm (1)
where Pc is the contact perimeter, P is the perimeter of the shape, T is the number of the sides of the cell, and m is the length of a
side of the cell (in this case m is equal to 1). Geometrically, this means that the sum of two times the contact perimeter plus the
perimeter is equal to the total sum of the perimeters of all the cells from the shape.
The proof of this theorem was presented in [3].
By Eq. (1) the contact perimeter is defined as follows:
Pc = Tnm− P2 . (2)
For the case presented in Fig. 1(c) and (e), T = 4; n = 18; m = 1; and P = 38. Substituting these values in Eq. (2),
Pc = 17, which corresponds to the geometrical form.
4. Computation of the Euler number of unit-width 2D shapes
The Euler number is an intrinsic property of objects. Therefore, the Euler number is invariant under geometric
transformations such as translation, rotation, and scaling. The Euler number EN is defined as number of connected regions
C minus number of holes H , i.e. EN = C −H . In this section, we present the computation of the Euler number of unit-width
2D shapes composed of triangular, rectangular, and hexagonal cells. Let T be the number of sides for these kinds of cells.
Considering that all objects are unit-width shapes composed of side-connected cells, the maximum number of cells at a
vertex is 5 for the case of triangular cells (T = 3), 3 for the case of rectangular cells (T = 4), and 2 for the case of hexagonal
cells. When a cell is added to a shape, the number of holes of the shape has an increment equal to the number l of contact
sides minus 1, i.e. l− 1.
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Theorem 2. For any unit-width shape Sn composed of n side-connected cells. The number of holes H is defined by the following
equation:
H = (T − 2)Pc − P
T
+ 1, (3)
where T is the number of the sides of the cell used (T = 3, 4, or 6).
Proof. The proof proceeds by mathematical induction on the numbers of cells of Sn. For the base case, S1 consists of a single
cell. Therefore, we have H = 0, Pc = 0, and P = T , values which satisfy Eq. (3).
For the induction step, let us assume that Eq. (3) holds for Sn. Let H ′, P ′, and P ′c be respectively the number of holes, the
perimeter, and the contact perimeter of a unit-width shape Sn+1 that is obtained by adding one cell to Sn. Let l be the number
of contact sides of this new cell. We have that
P ′c = Pc + l
and
P ′ = P + T − 2l.
It must be shown that Eq. (3) holds for Sn+1, i.e.
H ′ = (T − 2)P
′
c − P ′
T
+ 1.
But this equation can be rewritten as follows:
H ′ = (T − 2)(Pc + l)− (P + T − 2l)
T
+ 1
= (T − 2)Pc − P
T
+ 1+ (T − 2)l− T + 2l
T
and it simplifies to
H ′ = H + (l− 1),
which we know is true. 
Fig. 2 illustrates different examples of the computation of the number of holes for different unit-width objects composed
of side-connected pixels. Fig. 2(a) shows a unit-width open curve composed of side-connected pixels. The perimeter of the
above-mentioned curve is equal to 38 and its contact perimeter is equal to 17. Therefore, using Eq. (3) the number of holes
is equal to zero and its Euler number is equal to 1. Fig. 2(b) presents an example of a unit-width simple closed curve (which
has one hole). Fig. 2(c) illustrates an example of a unit-width object which has two holes. Fig. 2(d) presents a unit-width
object which has nine holes. Finally, Fig. 2(e) shows an example of an object which has 12 holes.
Theorem 3. For any unit-width simple closed curve (which only has one hole) composed of n side-connected pixels, the perimeter
of the curve is twice the contact perimeter, i.e.
P = 2Pc . (4)
Proof. Trivial.
Fig. 3 illustrates examples of unit-width objects composed of side-connected triangular and hexagonal cells. Fig. 3(a)
shows a unit-width curve composed of side-connected triangular cells; its perimeter is equal to 27 and its contact perimeter
is equal to 24. Therefore, using Eq. (3) the number of holes is equal to zero. Fig. 3(b) presents a unit-width simple closed
curve (which has one hole). Fig. 3(c) shows an example of a unit-width object which has three holes.
Theorem 4. For any unit-width simple closed curve (which only has one hole) composed of n side-connected triangular cells, the
perimeter of the curve is equal to the contact perimeter, i.e.
P = Pc . (5)
Proof. Trivial.
Fig. 3(d) presents an example of a unit-width curve composed of side-connected hexagonal cells; its perimeter is equal
to 130 and its contact perimeter is equal to 31. Therefore, using Eq. (3), the number of holes is equal to zero. Fig. 3(e) shows
a unit-width simple closed curve (which has one hole) composed of side-connected hexagonal cells; its perimeter is equal
to 40, its contact perimeter is equal to 10 and therefore its number of holes is equal to 1. Finally, Fig. 3(f) shows an example
of a unit-width object composed of side-connected hexagonal cells, which has two holes.
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Fig. 2. Different examples of unit-width objects composed of side-connected pixels: (a) an example of a unit-width open curve; (b) an example of a unit-
width simple closed curve; (c) an example of a unit-width object which has two holes; (d) an example of an object which has nine holes; (e) an example
of an object which has 12 holes.
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Fig. 3. Six examples of unit-width objects composed of side-connected triangular cells and hexagonal cells: (a) an example of a unit-width open curve
composed of side-connected triangular cells; (b) an example of a unit-width simple closed curve composed of side-connected triangular cells; (c) an
example of a unit-width object composed of triangular cells, which has two holes; (d) an example of a unit-width open curve composed of side-connected
hexagonal cells; (e) an example of a unit-width simple closed curve (which only has one hole); (f) an example of a unit-width object composed of side-
connected hexagonal cells, which has two holes.
Theorem 5. For any unit-width simple closed curve (which only has one hole) composed of n side-connected hexagonal cells, the
perimeter of the curve is four times the contact perimeter, i.e.
P = 4Pc . (6)
Proof. Trivial.
Fig. 4(a) illustrates an invalid case: a unit-width 2D shape composed of side-connected pixels. The perimeter of the shape
presented in Fig. 4(a) is equal to 40 and the contact perimeter is equal to 20. Therefore, using Eq. (3), H = 1, i.e. this shape
has one hole. However, the shape shown in Fig. 4(a) seems to have two holes. The above-mentioned finding is due to the fact
that the inner complement (holes) of the shape shown in Fig. 4(a) has no 4-connectivity. Klette and Rosenfeld [25] defined
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Fig. 4. An invalid case: (a) an example of unit-width 2D shapes composed of side-connected pixels; (b) the inner complement (holes) of the shape shown
in (a) has no 4-connectivity.
the proper hole which corresponds to a hole with 4-connectivity. On the other hand, they also defined an improper hole
with 8-connectivity. Thus, we recommend that all the shapes and their inner complements (holes) should consider pixels
with 4-connectivity (proper holes). This should be taken into account for all the different forms of cells (side-connected
cells) and polyhedrons (face-connected polyhedrons), in 2D and 3D, respectively.
5. Surfaces
This section extends the concept of the contact perimeter from the 2D domain to 3D. We present the contact surfaces
for rigid solids composed of polyhedrons. Also, we present the relation between the contact surface area and the area of the
surface enclosing the volume. This relation between the areas of the surfaces can be used in different polyhedrons, which
fill space.
5.1. The area of the enclosing surface
The area A of the enclosing surface of a rigid solid composed of a finite number n of polyhedrons (for instance, voxels)
corresponds to the sum of the areas of the external plane polygons of the polyhedrons which form the visible faces of the
solid. For example, the enclosing surface area of the solid represented in Fig. 5(a) is 114.
5.2. The contact surface area
The contact surface area Ac of a rigid solid composed of a finite number n of polyhedrons corresponds to the sum of
the areas of the contact surfaces which are common to two polyhedrons. For instance, the contact surface area of the solid
represented in Fig. 5(a) is 27, corresponding to 27 plane polygons.
5.3. The relation between the areas of the enclosing surface and the contact surface
Theorem 6. For any rigid solid composed of n polyhedrons. The following equation is satisfied:
2Ac + A = aFn, (7)
where Ac is the contact surface area, A is the area of the enclosing surface, a is the area of the face of the polyhedron used (in this
case a is equal to 1), and F is the number of faces of the polyhedron.
The proof of this theorem is omitted, because it is similar to the proof of the theorem of the contact perimeter presented
in Ref. [3]
By Eq. (7), the contact surface area is defined as follows:
Ac = aFn− A2 . (8)
In the object presented in Fig. 5(a), F = 6, n = 28, A = 114 and a = 1. Substituting these values in Eq. (8), Ac = 27,
which corresponds to the geometrical form.
Thus, we use volumetric representations for rigid solids bymeans of spatial occupancy arrays. The solids are represented
as 3D arrays of voxels which are marked as filled with matter. Spatial occupancy arrays are very common in computer-
aided tomography. The computation of the total area of enclosing surfaces and the total contact surface area of any object
(including porous objects) is achieved with ease. For instance, to compute the contact surface area in a 3D array of voxels,
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Fig. 5. Examples of unit-width objects composed of face-connected voxels: (a) an example of a unit-width object which has no holes; ((b)–(e)) examples
of unit-width objects which have from one to five holes, respectively.
we only have to consider voxels ‘‘1’’ whose neighbors in any direction (face-connected voxels) are voxels ‘‘1’’, too. In the case
of computing the total area of the enclosing surfaces, we only have to consider voxels ‘‘1’’ whose neighbors in any direction
(face-connected voxels) are voxels ‘‘0’’.
6. Computation of the Euler number of unit-width 3D shapes
The Euler number of an object is a fundamental topological feature that remains invariant under translation, rotation,
scaling, and rubber-sheet transformation of the object. In this section, we present the computation of the number of holes
of unit-width 3D shapes composed of regular hexahedrons and irregular octahedrons (which fill space).
Theorem 7. For any unit-width object On composed of n face-connected polyhedrons, the number of holes H is defined by the
following equation:
H = (F − 2)Ac − A
F
+ 1, (9)
where F is the number of the faces of the polyhedrons (which fill space). For regular hexahedrons (voxels) F = 6, and for irregular
octahedrons F = 8.
The proof of this theorem is omitted, because it is similar to the proof of Theorem 2.
Fig. 5(a) illustrates an example of a unit-width object composed of face-connected voxels; its enclosing surface area is
equal to 114, i.e. A = 114, and its contact surface area is equal to 27, i.e. Ac = 27. Substituting these values in Eq. (9), H = 0,
i.e. this object has no holes. Fig. 5(b) shows another unit-width object, where A = 144 and Ac = 36; using Eq. (9), H = 1.
Theorem 8. For any unit-width simple closed curve (which only has one hole) composed of n face-connected voxels, the enclosing
surface area of the curve is four times the contact surface area, i.e.
A = 4Ac . (10)
Proof. Trivial.
For the unit-width objects shown in Fig. 5(c)–(f), we have A = 246, Ac = 63, and H = 2; A = 348, Ac = 90, and H = 3;
A = 378, Ac = 99, and H = 4; A = 408, Ac = 108, and H = 5, respectively.
It is important to note that the unit-width object shown in Fig. 5(f) seems to have six holes. Thus, Fig. 6 illustrates this
case. Fig. 6(a) shows five parts of the object presented in (b). On the other hand, Fig. 6(c) illustrates six parts of the object
shown in (b). Notice that in the two cases, the result is the same. This is due to the fact that the sixth part shown in Fig. 6(c)
contributes no surface areas.
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Fig. 6. A case: (a) five parts; (b) an example of a unit-width object; (c) six parts.
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Fig. 7. Examples of unit-width objects composed of face-connected irregular octahedrons: (a) the different orientations used for an irregular octahedron;
(b) an example of a unit-width object composed of face-connected irregular octahedrons; (c) an example of a unit-width object which has one hole.
Fig. 7 illustrates two examples of unit-width objects composed of face-connected irregular octahedrons. Fig. 7(a) shows
the different orientations used for an irregular octahedron. Fig. 7(b) presents an example of a unit-width object composed of
face-connected octahedrons; its enclosing surface area is equal to 38 and its contact surface area is equal to 5. Substituting
these values in Eq. (9), H = 0, i.e. this object has no holes. Fig. 7(c) shows another example of a unit-width object, where
A = 72 and Ac = 12; using Eq. (9), H = 1.
Theorem 9. For any unit-width simple closed curve (which only has one hole) composed of n face-connected irregular
octahedrons (which fill space), the enclosing surface area of the curve is six times the contact surface area, i.e.
A = 6Ac . (11)
Proof. Trivial.
Finally, note that Eq. (3) for 2D shapes and Eq. (9) for 3D shapes are similar.
7. Results
To illustrate the capabilities of the method proposed here, we present some results. In order to build knot tables, knots
are catalogued in order of increasing complexity. One measure of complexity that is often used is the crossing number [26],
i.e. the number of double points in the simplest planar projection of the knot. Thus, the expression 31 in Fig. 8(a) indicates
the crossing number of the knot. In this case, it is a knot with crossing number 3. Fig. 8(a) illustrates the trefoil knot. Fig. 8(b)
shows a voxelized version of the knot presented in (a). Fig. 9(a)–(c) show the orthogonal planar projections of the voxelized
trefoil knot. Now, using the concept of the contact perimeter it is possible to compute the number of holes and the Euler
number of the above-mentioned planar projections (which now are represented by pixels). Thus. the perimeter is equal to
116, the contact perimeter is equal to 64, the number of holes is equal to 4 and the Euler number is equal to−3.
Fig. 10 illustrates four different rotations of an example of a graph. Notice that the four rotations of the graph shown in
Fig. 10 are displayed in perspective. The enclosing surface area of the graph shown in Fig. 10 is equal to 1916; the contact
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Fig. 8. Objects composed of polyhedrons: (a) the trefoil knot; (b) a voxelized version of the trefoil knot.
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Fig. 9. The orthogonal planar projections of the voxelized trefoil knot: (a) plane ‘‘XY ’’; (b) plane ‘‘ZX ’’; (c) plane ‘‘YZ ’’.
Fig. 10. Different rotations of an example of a graph.
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Fig. 11. An example of an object from the real world: a 3D ornament and its skeleton.
surface area of its graph is equal to 503. Therefore, using Eq. (9), the number of holes is equal to 17 and the Euler number is
equal to−16. Finally, Fig. 11 shows an object from the real world and its skeleton. This object corresponds to a 3D ornament.
Using Eq. (9), we have that the number of holes of this 3D ornament is equal to 6.
8. Conclusions
We have presented amethod for computing the number of holes and the Euler numbers of unit-width objects composed
of different side-connected cells and face-connected polyhedrons in two and three dimensions, respectively.
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